Multicomponent Diffusion and Convection in

Capillary Structures

A previously developed method (Sotirchos and Burganos, 1988) for
studying isobaric multicomponent diffusion in a class of capillary net-
works is extended for application to the problem of convection and diffu-
sion of gaseous mixtures in porous media. The method is used to

develop flux models for nonisobaric transport in capillary structures,
which are then compared with corresponding ‘‘three-parameter’” dusty-
gas models. Results for discrete and continuous pore size distributions
show that the predictions of the developed flux models depend strong-
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ly, both qualitatively, and quantitatively, on the procedure used to aver-
age the dusty-gas modei equations for a single pore over the pore-size

distribution.

Introduction

In a previous article (Sotirchos and Burganos, 1988), the
problem of multicomponent diffusion of gases in pore networks
under isobaric conditions was investigated. The capillary struc-
tures considered in that study were visualized as consisting of
cylindrical pore segments arranged around the bonds of a two-
or three-dimensional lattice, with two-dimensional capiliary
structures understood as embedded in a slice of the porous
medium. The isobaric form of the dusty-gas model equations
(Deriagin and Bakanov, 1957; Mason et al., 1967; Mason and
Malinauskas, 1983) was used to describe the diffusion process in
each pore segment, and local analysis was employed to develop
diffusion flux expressions in the capillary network. Macroscopic
diffusion fluxes were obtained by averaging, over the pore size
and pore orientation distributions, the contributions of all pores
lying in a statistically representative part of the network whose
characteristic size was much smaller than the length scale asso-
ciated with significant macroscopic concentration changes. In
other words, it was assumed that in the smallest domain that
could be considered statistically representative of the pore net-
work, the concentrations of the diffusing species could be con-
sidered approximately constant.

Past approaches for developing multicomponent flux expres-
sions for capillary structures (e.g., Feng and Stewart, 1973)
were based on inverting the dusty-gas model equations for a sin-
gle pore, that is, writing them in explicit form for the fluxes, and
averaging the n® elements of the diffusion coefficient matrix (for
a multicomponent mixture of n gaseous species) over the pore
size and pore orientation distributions. The approach used by
Sotirchos and Burganos (1988) exploited the special structure of
the dusty-gas model equations and employed a sequence of
matrix manipulations based on eigenvalue-eigenvector analysis
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to decompose the dusty-gas model equations, as written for a
single pore, into a set of n independent flux expressions for n
auxiliary species whose concentration gradients and fluxes were
pore size independent, linear combinations of the concentration
gradients and fluxes of the n species of the multicomponent mix-
ture. The diffusion coefficient for each auxiliary species was
then averaged over the pore size and orientation distributions by
applying the smooth field approximation (Jackson, 1977) to the
original network or to an equivalent pore network obtained
through application of the effective medium theory (Kirk-
patrick, 1973) for resistor networks (SFA and EMT-SFA flux
models, respectively).

The special structure of the multicomponent flux expressions
derived by Sotirchos and Burganos (1988) made possible their
direct comparison with the “two-parameter” dusty-gas model
for isobaric diffusion in porous media which makes use of effec-
tive, concentration-independent diffusion coefficients for binary
and Knudsen diffusion. The comparison showed that the rigor-
ous multicomponent flux model could be approximated satisfac-
torily by the “two-parameter” dusty-gas model provided that
the same averaging procedure was used to obtain the effective
diffusion coefficients of the n auxiliary species (appearing in the
rigorous model) and the effective binary and Knudsen diffusion
coefficients (appearing in the “two-parameter” flux model).
This is a finding of immense importance since, in contrast to the
effective coefficients of the n auxiliary species, the effective
binary and Knudsen diffusion coefficients that appear in the
“two-parameter” dusty-gas model do not depend on the concen-
trations of the reacting species and, consequently. do not have to
be updated every time the concentration data in the capillary
structure are altered, spatially or temporally.

Many gas-solid reactions, both catalytic and noncatalytic, are
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accompanied by considerable volume change (Froment and
Bischoff, 1979), which can lead to large pressure gradients in
the interior of the porous medium and, on that account, to
appreciable contribution of viscous flow to the total mass-trans-
port flux in the porous medium. A typical example is offered by
solid decomposition reactions, like the calcination of limestones
and dolomites, where under some reaction conditions, viscous
flow may be the dominant mode of transport of the gaseous
products through the porous structure formed in the course of
the reaction. Multicomponent diffusion in the presence of signif-
icant total pressure gradients may be described using a “three-
parameter” variant of the dusty-gas model, which accounts for
viscous flow through the use of an average permeability coeffi-
cient in D’Arcy’s law (Chen and Rinker, 1979; Mason and Mal-
inauskas, 1983). Another alternative is to use the Feng and
Stewart model for nonisobaric diffusion, which is obtained by
integrating the nonisobaric dusty-gas equations for a single pore
over the pore sizes and pore orientations, assuming smooth
microscopic concentration and pressure fields.

The extension of the eigenanalysis procedure of Sotirchos
and Burganos (1988) to the more general problem of multicom-
ponent diffusion under nonisobaric conditions is the subject of
my paper. A general method for developing flux models for non-
isobaric multicomponent diffusion is presented. The method is
employed to construct flux models using the SFA and EMT-
SFA procedures introduced in previous papers (Burganos and
Sotirchos, 1987; Sotirchos and Burganos, 1988), which are then
compared with the corresponding “three-parameter” dusty-gas
models.

Dusty-Gas Model Equations for a Single Pore and
Flux Expressions

Under nonisobaric conditions, the dusty-gas model equations
in a single pore of radius r have the form (Jackson, 1977)

x;Bp x;N; — x;N; N;
nti v et TP =t '
' ”) 27, Dy

where p is the total pressure of the mixture, n is the number of
species in the mixture, x; is the mole fraction of species i, p; is the
partial pressure of species i, NV, is the molar flux of species #, D
is the binary diffusion coefficient of species i and j, Dy, is the
Knudsen diffusivity of species / in the pore, and B is the perme-
ability of a single pore (in the sense of D’Arcy’s law). We have
that

r
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with Eq. 2b following from the solution of the classical Poiseuille
problem for flow in a tube of circular cross-section (Bird et al.,
1960). Equation 1 is usually obtained by assuming that the total
fluxes of the gaseous species in the pore are made up of additive
viscous and diffusive contributions, i.e., for species ,

N- NP+ NY €)
The viscous contributions are predicted by the equations

B
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while the diffusive fluxes satisfy

! NP = xNP NP
RTVPi- ?;- D, Dy )
Equations 1, 3, 4, and 5 can also be used to describe convection
and diffusion in a porous medium by using effective values for
the binary and Knudsen diffusivities and the permeability: D,
Dy, and B,, respectively. It is usually assumed that
Dy = S$1Dys Dy, = S,0, (6a, b)
With this assumption the dusty-gas model for a porous medium
contains only three parameters, namely S;, S,, and B,, which,
hopefully, are determined only by the structure of the porous
medium.
The dusty-gas model equations for a single pore (Eq. 1 or Egs.
3, 4 and 5) were used by Johnson and Stewart (1965) and Feng
and Stewart (1973) to formulate a class of flux models for pore
networks, which offer considerable flexibility in the description
of the pore system. The porous medium is visualized as a net-
work of crosslinked cylindrical pores of known orientation and
radius distributions. Flux expressions for the porous medium are
obtained by integrating the diffusive and viscous contributions
of a single pore over all pore sizes and orientations. Since the
diffusive and viscous fluxes in the individual pores are deter-
mined by the microscopic concentration and pressure fields in
the pore network, it is assured that the pore network is thor-
oughly crosslinked so that the microscopic concentration and
pressure field coincide with the macroscopic ones. This assump-
tion is what Jackson (1977) calis the smooth field approxima-
tion, and for pore k with direction vector n, and pressure gra-
dient for species i Vp,, it is mathematically expressed as

Vpi = (Ek‘ VP:)Ek )

with Vp, being the macroscopic pressure gradient for species i.

The diffusive fluxes for a single pore are integrated over all
orientations and radii by first rewriting Eq. S in an explicit form
for the fluxes. For pore k, Eq. 5 becomes

N = =3 Fylp, x, 1) Vpy (8)
J

Integrating Egs. 4 (written for pore k) and 8 over all pore sizes
and orientations and using Eq. 3, the Feng and Stewart flux
model for an isotropic pore system (or through orientational
averaging) becomes

. xiBe
Ni= -Y F,(p.x)pj — 22y )
7 uRT

with

1 Lo,
Fue=3 f Fyelr)dr: B, - = f Pe(rydr  (10a, b

e(r)dr is the pore volume that belongs to pores in the range
(r, r + dr)including overlapping with smaller pores. In contrast
to the “three-parameter” dusty-gas model, the Feng and
Stewart flux model is parametrically determined only by the
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pore size distribution. However, the computation of the »’
matrix elements, Fj;, and of their effective values, F;,, must be
repeated at each set of pressure and composition values. More-
over, the form of the above flux model does not provide any
insight into its relationship with the simple “three-parameter”
dusty-gas model, nor does it suggest a procedure for the estima-
tion of the adjustable parameters of the latter for a solid of
known pore-size distribution. Its validity is restricted to pore
networks that satisfy the smooth field approximation (Eq. 7),
which for an arbitrary capillary structure violates the mass bal-
ance equations at the points where pores of different size con-
verge.

Eigenvector-Eigenvalue Analysis of the Dusty-Gas
Model Equations for Diffusion and Convection

Eigenvector-eigenvalue analysis is used to decompose the
dusty-gas model equations for a single pore into a set of # single
“species” diffusion problems, whose partial pressure gradients
and fluxes are linear, pore-size-independent combinations of the
gradients and fluxes of the actual species. The development of
the procedure makes use of material introduced in Sotirchos and
Burganos (1988), and the reader is advised to consuit that publi-
cation before proceeding further.

Multiplying the ith equation in Eq. 1 by o; = 0,/ Q* (with O*
being some reference quantity) and writing the result in matrix
form, we obtain that

1 1
- —(AY bVp) = I 1
RT(A p+ bVp) B+Q*r )ﬂ (11)
where

A=diag (a;i=1,...,n) (12)

B S X
b=—p[ﬂ;i=l,...,nr (13)

H Dl(i

The elements of matrix B are given by the equations

— 04X X;
- -0 #JiBy= o = (14)
D, J; Dy

B,’j:

As seen from Eq. 14, the elements of B are independent of the
size of the pores; consequently, this must also be true for its
eigenvectors, eigenrows, and eigenvalues, z;, y;, and A;. Let Z be
the matrix composed of the eigenvectors of matrix B. Since
B~ ZAZ"', with A = diag (\;;i = 1, ... n), Eq. 2 may then be
written as

1 1
- ﬁ(l"AVp + Z 'bVp) = (A + é-*—rI)Z"Q (15)

Noting that the ith row of Z~' is the ith eigenrow of B, we can
write the /th equation in Eq. 15 in the form

1 1
— — (yfAv THVp) =N + ——|»¥IN 16
RT(y. p+yibVp) ( Q*r)y N (16)

Let A, be the zero eigenvalue of the positive semidefinite
matrix B (Sotirchos and Burganos, 1988) and z, and y, denote
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the corresponding eigenvector and eigenrow. By inspection of B,
one may readily see that

1 T
y,=[-—;l=1,...,n} (17)
&;
n=x/ ) i (18)
TR
Using Egs. 17, 18, and 14, one may prove that
yIAVp =V p;=Vp (19
j
r_BP N X g :
y,b=——z——;y,~b=0,t¢l (204, b)
kT Dy
Introducing Eqs. 19 and 20 in Eq. 16 gives
1 Bp X 1
1+ =5 L yTgvp = T 21
RT( T ;ij)yl P=ox?1= D
! T4V N+ ! IN,i#1 (22)
RTyi P =|A 0% Yil¥,
Eqgs. 21 and 22 may also be written as
—-I—D-(y-TAVp)=y-TN i=1,...n (23)
RT i i i > .

with

Bp X 1 -1
D, — O* — > LiDi=INA+—=—=] ,i¥#1 (24a,b
. Qr+”§j w ( Q*r) i (24a, b)

Eqs. 23 represent n independent single species diffusion prob-
lems for n pseudospecies, whose pressure gradients and fluxes
are linear, pore size independent combinations of the pressure
gradients and fluxes of the actual species. To be more specific,
the pressure gradients are y]AV P, the fluxes are y]N, and the
diffusion coefficients are given by Eq. 24. For i # 1, the diffu-
sion equations for the pseudospecies are identical to those used
by Sotirchos and Burganos (1988) in the analysis of the isobaric
problem. Note that the equation obtained from Eq. 23 for i = 1
and Vp = 0 is nothing else but Graham’s law for isobaric diffu-
sion, i.e.,

N,
IN==L-0 (25)
Q;

Equation 23 may be averaged over the population of pores in
the capillary structure by employing the procedures discussed in
my previous papers {(Burganos and Sotirchos, 1987; Sotirchos
and Burganos, 1988). Application of these procedures and
orientational averaging (to induce isotropy to a possibly aniso-
tropic pore structure) leads to the flux model

1
—ﬁDﬁ°’E‘s(yfAVp)=yfﬂ,i= l,...n  (26)
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or in matrix form

1
— = Vp-AT'Z(DS"S )'ZTN 27
7T VP ( ) N 27
with
DSUE-S _ diag (DS E-S;i~1,...n) (28)

Superscript S is used to denote the effective diffusion coeffi-
cients for the pseudospecies obtained when the smooth field
approximation is directly applied to the original network. Super-
script £ —S, on the other hand, denotes the effective diffusion
coefficients obtained when the smooth field approximation is
applied to the effective network that results from application of
the effective medium approximation (Kirkpatrick, 1973) to the
original network. We have that (see Sotirchos and Burganos,

1988)
2 2
D;_s;orE‘S - §(<127r—lr— D‘> or <[2> <7'r‘l’;‘ D,> ) (29)

K is the number of pores per unit volume, / is the pore length,
and the symbols (@), and (e), are employed to indicate the
arithmetic average and effective medium average values of
quantity @, respectively. The effective medium average for some
quantity, say ¢, with number distribution density f(g) is
obtained from the solution of the equation (Kirkpatrick, 1973)

—{q).
[ 1= r(gydg-o (30)
! Z oy
AN
z is the coordination number of the network, that is, the average

number of pores emanating from a site. For networks of pores of
uniform length, Eq. 29 becomes

€ (Dir2>aore

G

SorE-S
Die

€Y

In contrast to the flux models derived through the Feng and
Stewart procedure (as discussed previously), the flux models
constructed here require the computation of n average quanti-
ties only for each set of pressure and composition values. Nev-
ertheless, the computation of these averages requires that the
eigenvalues and eigenvectors of matrix B be available, which,
like the matrix elements, Fy;, in the Feng and Stewart model, can
be computed analytically only for multicomponent mixtures of a
few species. The real advantage of the class of flux models that I
have developed here is that the decomposed equations (Eq. 23)
can be integrated over the pore size and orientation distributions
using any applicable procedure. Moreover, as we shall see in the
next section, the particular form of Egs. 26 and 27 lends itself to
a direct comparison with the “three-parameter” dusty-gas
model for nonisobaric diffusion. It should be pointed out that
despite its different algebraic form, the flux model derived
through application of the SFA procedure (Egs. 27 and 29,
superscript .S) is identical to the Feng and Stewart flux model
(Egs. 9 and 10).

Figure 1 presents the variation of the ratio of effective diffu-
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Figure 1. Variation of the D%, 5/ D%, ratio with the popula-
tion ratio of a discrete, bimodal pore system.
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sivities, D5 and D3}, with the population ratio, f1/ f, of a dis-

crete, bimodal pore structure, with f; being the number of pores
of radius r; per unit volume. The results of Figure 1 have been
parametrized using the coordination number of the network, z,
and parameter vy, which is defined as v = p/8uZ;(x;/a))r,. v
determines whether mass transport in the presence of total pres-
sure gradients occurs in the Knudsen fiow regimen (y — 0), the
viscous flow regimen (y — o), or in the intermediate transition
regime. It is seen that the EMT-SFA procedure predicts much
lower values for the effective transport coefficient, D, in a wide
range of values of population ratio, by more than three orders of
magnitude in some cases. Such behavior is expected since, when
the smooth field approximation is directly applied to the original
network, the estimated effective transport coefficient reflects an
in parallel combination of the transport resistances of the pores,
and consequently, it offers an upper bound on the actual effec-
tive transport coefficient. The SFA effective transport coeffi-
cient is in a way equivalent to the upper bound obtained when
variational formulation of the transport problem in certain por-
ous media with a linear trial function is used (e.g., Strieder and
Aris, 1973; Faley and Strieder, 1987).

The ratio of the EMT-SFA and SFA effective transport coef-
ficients, DE~5/ D3, approaches unity as the pore system tends to
become unimodal, that is, for small and large values of the popu-
lation ratio. For the same reason, the relative difference between
the two effective diffusivities diminishes as the radius ratio of
the bimodal pore system decreases and the distribution becomes
narrower. As the results of Figure 1 show, increasing the coordi-
nation number also leads to smaller differences between the
SFA and EMT-SFA estimates of transport coeffcient, D,.
Larger coordination numbers imply a higher degree of cross-
linking among the pores of the network, and thus the actual net-
work gets closer to the situation of perfect crosslinking, that is
tacitly assumed when the smooth field approximation is
invoked.

The largest relative difference between D%-S and Df, occurs
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in the vicinity of the percolation threshold of the network, pre-
dicted to be equal to 2/(z — 2) by the effective medium theory;
namely, ( f1/f3), = 1 forz = 4and (f\/f), = 0.5 for z = 6. For
values of population ratio sufficiently lower than the percolation
threshold, the diffusivity ratio appears to be independent of the
coordination number, z. This behavior is primarily due to the
fact that below the percolation threshold, the effective medium
average {D(r)r*)e is almost equal to D,(r,)r3 and, hence, inde-
pendent of the coordination number. For population ratios suffi-
ciently larger than the percolation threshold, on the other hand,
(D,(r)#*), and {D,(r)r*), are almost proportional to D,(r,)r?),
with the proportionality constant being determined by the coor-
dination number and the population ratio for the effective
medium average and by the population ratio for the arithmetic
average. As a result, D¥75/D7, (or equivalently, (D,(r)r?),/
{D,(r)r?),) turns out to be almost independent of the value of
parameter v above the percolation threshold.

The variation of the D5/ D3, ratio (i # 1) with the popula-
tion ratio, shown in Figure 2, is qualitatively similar to that seen
in Figure 1 for i = 1. The results of Figure 2 have been parame-
trized using the coordination number z and parameter 8 defined
as 3 = NQ*r,. B determines whether diffusion occurs in the
Knudsen regime (88— 0), the molecular diffusion regime
(B — ), or the intermediate transition regime. The only note-
worthy difference between the results of Figures 1 and 2 is that,
for i = 1 (Figure 1), the relative difference between SFA and
EMT-SFA transport coefficients is larger. Again, the largest rel-
ative differences are encountered in the vicinity of the percola-
tion threshold of the network. It should be pointed out that the
effects of 8 and v on effective diffusion coefficients D% and
D%, as inferred from Figures | and 2, were also observed by
Nicholson and Petropoulos (1977, 1978) in their analysis of
binary mass transport in the special cases of serial (EMT-SFA
for z = 2) or parallel (SFA or EMT-SFA for z = «) arrange-
ments of cylindrical capillaries.

Results on the difference of the predictions of the SFA and
EMT-SFA flux models for continuous, unimodal pore-size dis-
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tributions are given in Figures 3 and 4 for i = 1 and i # 1,
respectively. Gaussian and uniform pore-size distribution densi-
ties for the porosity density function, e(r), were used to get the
results of Figures 3 and 4. Since uniform pore length and no pore
overlap is considered in this particular application, the popula-
tion density functions needed to compute the cflective medium
and arithmetic averages appearing in the expression for D, are
obtained by dividing e(r) by r2. The dimensionless variance of
the porosity density functions o/r,, has been used as abscissa in
the presentation of the results in Figures 3 and 4, with r,, being
the mean of the pore-size distribution. Results for the Gaussian
pore-size distribution extend up to o/r, = 0.25 becausc the
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Figure 4. Variation of the DS 5/D$ ratio with the relative
variance for Gaussian and uniform pore-size

distributions.
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numerically important part of the distribution was assumed to
extend over the range [r,, — 40, r,, + 40]. For the uniform pore-
size distribution the results shown extend up toa/r,, = 1/V3,a
value corresponding to the point where the lower limit of the uni-
form pore-size distribution becomes zero.

It is seen in the results of Figures 3 and 4 that the EMT-SFA
model predicts lower effective values for the transport coeffi-
cients that the SFA model, with the relative differences being
again larger for i = 1. However, the predicted relative differ-
ences for unimodal pore-size distributions are much lower than
those for bimodal systems. (Compare the resuits of Figures 1
and 2 with those of Figures 3 and 4.) Similar observations were
also made by Nicholson and Petropoulos (1973) in their study of
transport of dilute gases in serial or parallel networks of capillar-
ies. The DZ-5/ D3 ratio deviates more from unity as the variance
increases and the distribution become broader. For small vari-
ance values, the results for the diffusivity ratio appear to be
independent of the type of the porosity density function. As in
the case of bimodal pore-size distribution, the observed differ-
ences between EMT-SFA and SFA estimates decrease with
increasing coordination number, with the diffusivity ratio ap-
proaching unity for all o/r,, values as the coordination number
increases without limit.

Comparison of the SFA and EMT-SFA
Nonisobaric Flux Models with the
“Three-Parameter’’ Dusty-Gas Model

The SFA and EMT-SFA procedures can be used to derive
expressions for the three parameters of the dusty-gas model in a
rather straightforward fashion provided that some simplifying
assumptions are made as follows.

® The diffusive and convective contributions of the fluxes can
be integrated independently over the pore population—an ob-
viously true assumption if the smooth field approximation is
directly applied to the original network, as discussed earlier.

® The partial pressure gradients can be viewed as made up of
separate, additive contributions for Knudsen and molecular dif-
fusion, which again can be treated independently.

Following a procedure described in my previous paper (Sotir-
chos and Burganos, 1988), it can be shown that for a uniform
pore length network, the three parameters of the dusty-gas
model are given by the following expressions:

€ (r2>nore
$5?E = Smij <r2> (32)
soE-s _ € (r’Yaore
D™ = -3-Q,- ) (33)
- € <r4)ﬂ0l‘¢
BSorE S:ﬁ (rz) (34)

Similar equations {(compare Egs. 29 and 31) hold for the more
general case of distributed length pore networks.

The “three-parameter” dusty-gas model with parameters
given by Eqs. 32-34 can be recast in a form similar to that of the
general flux model (Eq. 27). Using the procedure followed for
the dusty-gas model equations for a single pore (Egs. 11-23), we
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get after some rearrangement

1

=A_‘Z D;SorE~S —lz—lN 35
RT ( ) N (3%)

where the elements of the diagonal matrix D, 5" £=5 are given
by

DrSorE S _

€ N 1 -1
! AN 36
vw<nm+wmmj ' (36)

Dl SorE-S __

‘ @Wmm+§ZﬁWm4(m
2

C 30, T

It is readily seen by comparing Eqs. 27 and 35 that the accu-
racy of the predictions of the “three-parameter” dusty-gas
model with parameters given by Egs. 32-34 is solely determined
by the error involved in the approximation of D3**™% by
D;SE-S Using Eqgs. 24, 31, 36 and 37, one finds that the
approximations involved are

B! (38)

N Y L
2 Q*r aore (rz)aurz Q* (rs)aore

and

sy, P Xj 4
<Q*r + Sﬂgajr >aore
(Q*(I‘ )aore + ' Z ] <r4)aore (39)

The approximation described by Eq. 38 is the same as that
involved in the isobaric diffusion problem. Calculations for a
discrete, bimodal pore-size distribution with r;/r, = 10 in my
previous paper (Sotirchos and Burganos, 1988) showed that the
error involved was rather small in the most part of the space of
porosity and pore size ratios. Obviously, the approximation is
exact in the limiting regimes of Knudsen and molecular diffu-
sion (\;Q*r « 1 and \;,Q*r » 1, respectively) or for pore struc-
tures of uniform pore size. The additional approximation that
has to be considered in the case of nonisobaric diffusion is that
given by Eq. 39. Since the arithmetic average (subscript a) is a
linear functional, the approximation described by Eq. 39 is exact
if the smooth field approximation (SFA procedure) is applied
directly to the pore network. This result has been expected
because of the additivity of viscous and diffusive fluxes assumed
in the construction of the dusty-gas model equations for a single
pore. The effective medium average, however, is a nonlinear
functional, and hence the error involved in the approximation of
Eq. 39 has to be investigated.

Figure 5 presents the variation of the diffusivity ratio

D'\ F~5] D575 ratio with the population ratio for a bimodal pore-
size d;stnbutlon for various ratios of pore radius. It is seen that

D F5/ D% deviates significantly from unity only in a very
small interval of the range of population ratio (note the scale of
the x-axis of the graph). The size of this interval decreases with
increasing pore size ratio, but the maximum relative deviation
increases. At the limit of infinitely large pore size ratio, the rela-
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Figure 5. Varlation of the D5 $/D £ ¢ ratio with the pop-
ulation ratio of a discrete, bimodal pore sys-
tem.

tive difference between the two diffusivities also becomes infi-
nitely large, while the interval at which it is observed becomes
infinitesimally small. The population ratio value at which D},*~°
DE-5 attains its minimum approaches the percolation threshold
of the network from below with increasing pore size ratio. The
difference between the effective transport coefficient predicted
by the rigorous EMT-SFA flux model and that obtained using
its “three-parameter” counterpart approaches zero as the coor-
dination number of the network increases, since the approxima-
tion of Eq. 39 is exact for z = «» (SFA model). It should be
pointed out that the value of v used to obtain the results of Fig-
ure 5 lies within the range in which the largest differences were
observed.

The variation of the D 5/D,55 (for i # 1) ratio with the
population ratio for various pore size ratios is given in Figure 6.
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Figure 6. Variation of the D5-°/D,F®ratio with the popu-
lation ratio of a discrete, bimodal pore system.
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The behavior of the curves of Figure 6 is, in general, qualita-
tively similar to that of those of Figure 5. The most noteworthy
differences between the results of Figures S and 6 are that in the
latter:

a) It is the “three-parameter” approximation that predicts
larger transport coefficients.

b) Significant deviations between the rigorous and approxi-
mate coefficients are observed over a wider interval of popula-
tion ratio.

¢) The minimum diffusivity ratio values are higher.

d) With increasing pore size ratio the f;/f, value at which the
minimum occurs approaches the percolation threshold from
above.

The 8 value used to get the results of Figure 6 lies, like that of
in Figure 5, near the value where the largest relative differences
were observed.

Figure 7 gives the variation of the D5,/ D;S ratio (SFA flux
model) with the porosity ratio /¢, [e,/e; = (fy/fo)(r,/r2 Y] It
can be shown that, for a given ry/r, ratio, D3/D.S attains its
minimum for 8 = € /e, = Vry/ri. (At the minimum, D3/D;5 =
4/[2 + Vri/r, + Jr,/r;).) Unlike the approximations discussed
for the results of Figures 5 and 6, the approximation of Figure 7
tends to present much larger deviations extending over relatively
large intervals of porosity ratio (or equivalently, population
ratio) values. The D5/ D .5 ratio was found to deviate noticeably
from unity even for unimodal pore size distributions (see the
dashed curve in Figure 4). On the contrary, for the Gaussian
and uniform pore-size distributions used to obtain the results of
Figure 4, the maximum deviation from unity that could be
found for z — 4 was less than 1.5% for D},5~5/ D%S, while
DE-S)D;E=5 (i # 1) was practically unity over the whole range
of relative variance. Since the results of Figure 7 could also be
obtained using the EMT-SFA procedure for z = o, one con-
cludes by comparing Figures 6 and 7 that the relative difference
between D%5 and DS for i # 1 would increase with increas-
ing coordination number.

Some computational results obtained by applying the four
flux models to the problem of convection and diffusion in a dis-
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Figure 7. Variation of the D5,/ D,° ratio with the porosity
of a discrete, bimodal pore system. f,/f, =
(e2/€2)(ry/ 1)
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crete, bimodal pore structure of an equimolar, quaternary mix-
ture of CO,, CO, H,, and CH,, ar¢ presented in Table |. The
conditions used were 1,000 K temperature and | atm total pres-
sure. The partial pressure gradients were assumed to be colinear
and to satisfy the relationships Vpeg, = Vpy, = Vp and Vpeo =
Vpcn, = —0.5Vp, with Vp being the total pressure gradient. The
Chapman-Enskog theory (Bird et al., 1960) was used to com-
pute the binary diffusion coefficients and the viscosities of the
gaseous species, while the viscosity of the mixture (¢ = 3.629 x
107°kg/m . s at the above conditions) was determined using the
semiempirical Wilke equation described in the above reference.
The values for the effective transport coefficients and mass
transport fluxes that are reported in Table 1 were rendered inde-
pendent of the total porosity and total pressure gradient by
dividing their values by ¢ and ¢Vp, respectively.

The results of Table | for r, = 0.2 yum and r, = 0.02 pm show
that the rigorous EMT-SFA model predicts effective transport
coeflicients and fluxes that are practically identical to those of
the corresponding “three-parameter” dusty-gas model. In view
of the results seen in Figures 5 and 6, such a behavior is not sur-
prising since the porosity ratio used in Table 1 is far from the
percolation threshold of the pore network [(¢,/¢;), = 0.01]. In
contrast to the EMT-SFA estimates, there are noticeable differ-
ences between the predictions of the rigorous SFA model and
those of its “‘three-parameter” version, which, however, are con-
siderably smaller than those seen between the EMT-SFA and
SFA results. In accordance with the results of Figure 7, the
approximate SFA model! is found to predict higher effective
transport coefficients. The behavior of the resuits for r, = 2 um
and r, = 0.2 um is qualitatively stmilar to that for the smaller
radius values, the main difference being that effective transport
coefficient for the first pseudospecies (which accounts for con-
vection) is considerably larger than the other transport coeffi-
cients, by a factor of 2 for the EMT-SFA flux model and by a
factor of 10 for the SFA flux model. This indicates that convec-
tion is the prevailing model of mass transport for the larger
radius solid, especially for the SFA flux model. Indeed, note that
both versions of the SFA model predict net flow for all species in
the direction of the total pressure gradient, that is CO and CH,
appear to be transported against their own partial pressure gra-
dient. Since the effective transport coefficient for convection
(subscript 1) is computed exactly in the “three-parameter” ver-
sion of the dusty gas model, the relative differences between rig-

Table 1.

orous and approximate SFA predictions are lower in the case of
the larger pores solid.

Tt should be noted that for pore-size distributions of realistic
breadth (i.e., r,/r, < 10), the observed maximum differences
between the effective transport coefficients predicted by the rig-
orous SFA and EMT-SFA flux models and the corresponding
“three-parameter” dusty-gas models are seldom above 30%,
much smaller than the deviations that exist between the SFA
and EMT-SFA extimates. Another interesting observation is
that, for the EMT-SFA results, the largest differences are
encountered in the vicinity of the percolation threshold. Since
the rigorous EMT-SFA effective transport coefficient was
found to deviate noticeably near the percolation threshold from
the exact effective transport coefficient, as determined by direct
solution of the transport equation in a statically representative
sample of the network (Burganos and Sotirchos, 1987), one can-
not say a priori whether D55 or D.,E~S will be closer to the exact
result there. In view of the observations, [ believe that the
approximation of the rigorous EMT-SFA and SFA transport
coeflicients by the “three-parameter” flux models must be con-
sidered satisfactory. This provides a partial explanation as to
why the “three-parameter” dusty-gas model has been successful
in correlating mass transport data even for heteroporous solids
(Chen and Rinker, 1979; Mason and Malinauskas, 1983). Use
of the “three-parameter” versions in mathematical models be-
comes particularly attractive when one considers the immense
computational effort that is required for implementation of the
rigorous EMT-SFA and SFA flux models.

Summary and Conclusions

A general method was developed in this study for treating the
problem of multicomponent diffusion and convection in capil-
lary structures, with the objecting of developing flux models for
nonisobaric diffusion in such structures. The development of the
method was based on the extension of an Eigenvector-Eigen-
value decomposition of the dusty-gas models equations, intro-
duced in a previous paper (Sotirchos and Burganos, 1988) for
isobaric diffusion. The method was used to construct flux mod-
els for multicomponent diffusion and convection by assuming
microscopically smooth partial pressure fields in the original
pore network (SFA flux model) or in the equivalent network
that results when the effective medium theory for resistor net-

Effective Transport Coefficients and Mass-Transport Fluxes for an Equimolar, Quaternary Mixture

in a Bimodal Pore Structure*

Eff. Diffusivities x 10°, D, /e (m?/s)

Fluxes x 10'% N;/(¢Vp) (kmol-s/kg)

1 2 3 4 Co, co H, CH,
7, =107, = 0.2 um
EMT-SFA 0.16024 0.14930 0.14785 0.14902 -0.18398 0.10804 —0.84140 0.14117
(EMT-SFA),,, 0.16024 0.14930 0.14785 0.14902 —-0.18398 0.10804 —-0.84140 0.14117
SFA 1.8476 1.0910 1.0325 1.0791 —1.6348 0.48876 —6.3507 0.63255
(SFA)app 1.8476 1.2593 1.2077 1.2489 —1.7628 0.69188 -7.2357 0.89028
7, = 107, = Jum
EMT-SFA 1.7434 0.97471 0.91590 0.96270 -1.5004 0.39538 —-5.7014 0.51036
(EMT-SFA),W 1.7434 0.97471 0.915%0 0.96270 - 1.5004 0.39539 —-5.7014 0.51037
SFA 32.296 3.0624 2.7396 2.9933 ~16.996 -11.074 —29.928 —10.990
(SFA) 32.296 3.8047 3.3698 3 —17.498 —10.148 —33.502 —10.113
*Vpco, = Y, = VP Vpco = Vpeu, = —0.5Vp; z = 41¢, /e, = |
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works is applied to the original network (EMT-SFA flux mod-
el). For a multicomponent mixture of # species, each flux model
involves n effective mass transport coefficients.

The special structure of the developed flux models permitted
their direct comparison with the “three-parameter” dusty-gas
model for porous solids, in which effective values are employed
for the binary and Knudsen diffusivities and the permeability of
the porous medium. Computations for discrete and continuous
distributions of pore size revealed small differences between the
predictions of the flux models constructed in this study and
those of the “three-parameter” dusty-gas model, provided that
the same procedure (i.e., SFA or EMT-SFA) is used to obtain
estimates for its three parameters. Very large differences, by
more than some orders of magnitude for small coordination
numbers, were found to exist between the effective mass trans-
port coefficients estimated by the EMT-SFA and SFA flux
models, with the SFA coefficients being the larger. These differ-
ences were found to diminish with increasing coordination num-
ber and decreasing variance of the pore-size distribution. De-
pending on the relative importance of convective and diffusive
transport, the predictions of the SFA and EMT-SFA flux mod-
els may differ both quantitatively and qualitatively. For
instance, computations for a quarternary mixture showed that,
under conditions of significant convective contribution in the
fluxes, the two models may predict net flow for some of the spe-
cies of the mixture in opposite directions.
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Notation

A = diagonal matrix defined in Eq. 12
B = matrix defined in Egs. 11 and 14
B, B, = permeability of a pore and effective permeability, respec-
tively, m?
D, = diagonal matrix of the effective diffusivities for the pseudo-
species
D,, = eflective transport coefficient of pseudospecies i, m?/s
Dy;.Dy;, = binary diffusivity of the (/) pair and effective binary diffu-
sivity, respectively, m?/s
Dy Dy, . = Knudsen diffusivity of species i in a pore and effective
Knudsen diffusivity of species /, respectively, m?/s
f{r)dr = number of pores per unit volume with radius in the range
[ror + drl,m*?
/f; = number of pores per unit volume with conductance r; in a net-
work with discrete distribution of pore size, m
= total number of pores per unit volume, m ~*
= length of a pore, m
molecular weight of species i, kg/kmol
number of species in the mixture
= unit vector paralle! to the axis of pore k
vector of diffusion fluxes
= diffusion flux of species i, kmol/m? - s
= total pressure of the mixture, Pa
= partial pressure of species 7, Pa
= vector of partial pressures
= Knudsen proportionality constant for species / (see eq. 2a),
m/s
reference value for Q. m/s
= ideal gas law constant, J/kmol - K
pore radius, m
parameters defined in Eq. 6
temperature, K
mole fraction of species i
vector of mole fractions
= coordination number
= matrix of eigenvectors of matrix B

1
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i
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Greek letters
«; - dimensionless Knudsen proportionality constant for species /,

= Q/0*
B = parameter defined as 8 = AQ*r*, where #* is a reference
value for the pore radius
v = parameter defined as vy = p/8u 2, x;/a, r*
Vp; ~ partial pressure gradient for species {, Pa/m
Vp = total pressure gradient, Pa/m
€ = porosity
e(r)dr = porosity of pores with radius in the range [r,r + dr]
¢ = porosity of pores of radius r; in a network with discrete
distribution of pore size
\; = ith eigenvalue of matrix B, s/m*
A, = zero eigenvalue of matrix B, s/m?
A = diagonal matrix of the eigenvalues of B
w = viscosity of the gaseous mixture, kg/m - s

Subscripts

e = effective quantities
i = quantities referring to species 7, pseudospecies i, or ith pore
size of a discrete pore-size distribution

Superscripts

E - S - quantities obtained using the EMT-SFA method
S = quantities obtained using the SFA method

Symbols

(@), = arithmetic average value of quantity ®
(®), = effective medium average value of quantity ®
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